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Averaging linear functional on the space continuous functions of the group of 
diffeomorphisms of interval is found. Amenability of several discrete subgroups 
of the group of diffeomorphisms Diff'^([0, 1]) of interval is prove. In particular, a 
solution of the problem of amenability of the Thompson's group F is given. See 
about the Thompson's group F in [1]. 

Let Diff;^([0,l]) be the group of all diffeomorphisms of class of interval [0, 1] 
that preserve the endpoints of interval, and let Diffi^([0,l]) be the subgroup of 
Diffi'|_([0, 1]) consisting of all diffeomorphisms of class C'^([0, 1]), and 

Diff3([0, 1]) = {/ G Difft([0, 1]) : /'(O) - /'(I) = 1}. 

The group Diffi'|^([0, 1]) is equipped with the topology inherited from the space 

For any positive S < 1, denote by Cq' ([0, 1]) the set of all functions / G C^([0, 1]) 
such that /(O) = and 3C > Vti,t2 G [0,1] |/'(t2) - < C\t2-ti\^. Define 
a Banach structure on the hnear space Cq'^{[0, 1]) by a norm 

ii/iim=i/'(o)i+ sup '^'^[;^7;f^^' 

tl,t26[0,l] 1*2 -III 

for any function / e Cq'^{[0, 1]). 

Let Diff+''([0, 1]) = Diff+([0, 1]) n Co'''([0, 1]). It is easy to see that Diff+'^([0, 1]) 
is a subgroup of the group Diff^([0,l]). The subgroup Diff^*([0, 1]) is equipped 
with the topology inherited from the space Cq'^{[0, 1]). 

Let Cb(DiS'/{[0, 1])) be the linear space of all bounded continuous functions on 
the space Diff+''^([0, 1]), and let C6(Diff^([0, 1])) be the linear space of all bounded 
continuous functions on the space Diff^([0, 1]). 

Introduce the functions ei,s : Diff!^''([0, 1]) -> R, ei,o : Diff+([0, 1]) ^ R by 
setting ei^s{g) = 1 for any g e Diff^'^([0, 1]) and ei,o(/) = 1 
for any / G Diff^([0, 1]). Let Fgif) = o /) for any g G Diffi^([0, 1]), 

/ G Diff^^([0, 1]) and F G ^(Diff^'aO, 1])). 

Theorem 1. For any positive S < ^, there exists a linear functional 



2 ' 

Ls : C6(Diff^*"([0, 1])) R such that Ls{ei,s) = I, \LsiF)\ < sup 

/eDiffi-''([o,i]) 



Ls{F) > for any nonnegative function F G Cb(Diff^''([0, 1])), and 
Ls{Fg) = Ls{F) for any g G Diff3([0, 1]) and F G Cb{Dm'/{[0, 1])). 

The restriction of any function of the space Cfc(Diff^([0,l])) on Diffi:'([0,l]) 
belon to the space C6(Diff^''([0,l])). Hence we obtain the following assertion. 

Corollary 1.1. There exists a linear functional Lq : Cf,(Diff^([0, 1])) R such 

that Lo(ei_o) — 1, |io(^)| < sup Lo{F) > for any nonnegative 

/eDiff^^([o,i]) 



function F e Cb(Diff^([0, 1])), and Lo{Fg) = Lo{F) for any g G Diffg([0, 1]) and 

Fea(Diff^([o,i])). 

Wo say that a discrote subgroup G of Diffo([0, 1]) satisfies condition (a), if there 
is a such C > that 

sup I \n{g[{t)) - \n{g'^{t))\ > C for any 51,52 e G,gi ^ 52- 
te[o,i] 

Theorem 2. // a discrete subgroup G 0/ DifFQ([0, 1]) satisfies condition (a), 
then the subgroup G is amenable. 

Proof.Lot B(G) bo the linear space of all bounded functions on the group G. 
Let positive (5 < |, let 

p(/)=iM/'(o)K S.P I '°(/-('f-;y ('■))! 

ti,t26[0,l] |i2-iir 



and r(/) = inf p{h-^ o /) for / G Diff^''([0, 1]), 9{t) = 1 - t for t e [0, 1] and 



[n ' o J ) lor / fc uir 
e{t) = for i > 1. 

For any fixed / G DifF+'^([0, 1]), C > 0, the set of functions {4) : ipit) = 
ln{g'{t)), g £ G, Pn{g° f) < C} contain in a compact subset of the space C([0, 1]), 
therefore it is finite according to condition (a). Hence, we can define the Hnear 
mapping : B{G) C6(Difr^*([0, 1])) by setting 



nsF{f) - ''^'^ 



E 0{ps{h-^ o /) - rif))F{h) 



EO{ps{h-'of)-r{f)) • 

heG 

Assign a linear functional / : B{G) — > R by setting 1{F) = Ls{ttsF). 
It is easy to see that 

\1{F)\ = 1^5(775^)1 < sup \TTsF{f)\ < sup \F{g)\, 
/£Difi]^'*([o,i]) seG 

1{F) > for any nonnegative function F G B{G), and /(ec) = 1, where ecig) = 1 
for all g G G. 

Denote by Fg{h) = F{g-^ o h) for F G B{G), g,h&G. 
We have 

E e{ps{h-^of)-r{f))F{g-^oh) 
""'^'^^^ ^ E e{ps{h-^of)-r{f)) = 

/t6G 

E^^(P5(/i-' ogof)-r{go f))F{h) 
^ E e{p,{h-^ogof)-r{gof)) = ^^^^^ ° 

hence l{Fg) = LsiwsFg) = LsingF) = 1{F), 
which implies tho assertion of Theorem 2. 

In [2] E.Ghys and V.Sergiescu proved that The Thompson's group F is isomorphic 
to a discrete subgroup G of DiffQ([0, 1]) which satisfies condition (a), and therefore 
we obtain the following assertion. 

Corollary 2.1. The Thompson's group F is amenable. 

For the proof Theorem 1 we need the following auxiliary assertions. 
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Lemma 1. There exist positive constants ci,C2 such that 
+00 +00 



^ ' - J J Vi^+^m 



dxi...dxn ^ 



-00 —00 



+ {X2 - Xi)^)...{l + {Xn - Xn-lf){l + xl) 

<C22"+i(n+l)! 

for any natural n,. 

Proof. The Fourier transform of the function ^-^j^^^ given by the Bessel 
function of the second kind 

-foo +00 

2 2 f cos{xy)dx 1 f e'^^^dx 



2 [ cos{xy)dx 1 f 



V2^ V2^ J VTTx^ \/2n J VTTx^ 

-00 



(see [6]). 

Hence we have 



+00 +00 

dxi...dx„ 



^ I "' I ^y{i+xi){i 



-00 —00 



+ ix2 - Xi)^)...{l + {Xn - Xn-l)^){l + xl) 

+ 00 +00 

= - J i Ko{y)r+'dx = ^ y ( Ko{y)r+'dx. 
-00 
There exist positive constants e < 1, c such that — ln| < K(j{y) < — ln| for 
any y e (0,e), and < Ko{y) < ce~^ for any y>£. 
Thus, 

€ +00 

2n+l 



I<^[J{- ln(|))"+My + J {ce-yr+^dy] < 

e 

+1 ^ 



2n+l 

< 



ort+1 — (n+l)e 

= [2((n + l)!) + ^— ] 

TT n + 1 

and 



I > / (- ln(^)r+'dy = -2"+i(n + 1)! 

IT J 6 n 





which implies the assertion of lemma 1. 
Let 

■j-oo 

vi{t) 



V(l+ri')(l + (r-n)2) 
for r e R. 

Lemma 2. T/ie derivation v'i{t) is negative for any t > 0, and \v'i{t)\ < -^viit) 
for any t ^ 0. 
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Proof. The derivation of the function vi (t) is equal 



+00 

v[{t) = - J - 



{t - T)dT 



V'(l + r2)(l + (t-r)2)3 



Taking n = i — r we receive 

+CSO 



/ f TldTl 



1 ti(Zt] 



f 1 1 

^~ J ^ VI + (n - ~ VI + in + tr ^ v(i +rfr~ 

+00 

(VI + (ri - + VI + in + *F) V(l + ^1 + (n - + (ri + m 







Hence, if t > 0, then v'i{t) < 0. 
If i ^ 0, then 

+ 00 

4 |t| dn 



' (1 + rf )(1 + (n + V(l + (ri - + rf ) " 







+00 

4: f dn 4 



- \t\ I V(l + (ri-i)^)(l+ri^) l*r'^*^' 

which implies the assertion of lemma 2. 

Let 17 (f) = vi{ln{t + Vt^ - 1) for i > 1. 

Let us denote D„ = {(xi, : < a;i < ... < < 1} 
and X-i = Xn-i — 1, xq = 0, a;„ = 1. 
Let 

ui,„(a;i,...,a;„-i) = I I v[ ), 

^J-^ Xk - Xk-l 2y/{Xk - Xk-l){Xk-l - Xk-2) 

11 1 

Jn = j j ■■■ j Ui^n{xi,X2,...,Xn-l)dxidx2..-dXn-l, 

Xi Xn-2 

Lemma 3. The following equality is fulfilled 

+00 +00 

T _ 2"-! 



dtldt2---dt2n- 



_oo V'(l + i?)(l + (i2 - + (i2„-l - i2„-2)2)(l + tL-l) 

/or an?/ naiMra/ n, and Ci23"-i(2n)! < J„ < C223"-i(2n)! . 
Proof. Taking % = ^''"^'"-^ we have 

t> »re l-x„_i 
11 1 

Jn= ■■■ / Ui^n{xi,X2,:;Xn-l)dxidx2-dXn-l = 



Xl X„_2 
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J/1 + 1. l + -r-r yk+yk-i.dyidy2...dyn-i 







^ n—1 

/,(yi±lHi±^)TT^( 

7 2^ 2^/y;;rT 2^ykyk-i ym-yn 



Making substitutions t2k = h In(yfc) and taking into account 



, ,yk + yk~i , ,yk + yk^i.2 i\ u + i 
^y/ykVk-i \j ^^ykVk-i 

v{f±^) = V,{\t,k-hk-2\) = 



2 



+ 00 



^(1 + (t2fc-l - iife_2)(l + {t2k - t2k-lY) 

+00 



2v^ J ^{i + ti){i + {t2-hYy 



+00 

. 1+2/n-lx „ [ dt2n-l 



2V^ _i ^(l + iL-l)(l + (i2„-l-t2n-2) 



we receive 



2 



n-1 f f dt\dt2-'-dt2n-\ 



Thus the assertion of lemma 3 is an immediate consequence of lemma 1. 
Lemma 4. For arbitrary positive e, it exist positive constants C3 such that 

/or a// a, yi, y2, satisfying e < a < l,yi > 0, j/2 > 0, yi + 2/2 < 1- 

Proof. Let ti = — ^ln(yi),i2 = —5 111(1/2), o; = — ^ln(a) then < to < r = 
— ^ ln(e) and 

^( o ; ) =v-i_{ti-a),v{——) =vi{t2-a),v{——=)vi{t2-ti). 

It follows from the lemma 2 that the derivation v']^{t) is negative for any t > Q 

and the function vi{t) decrease on [0, +00). 

+00 

Thus, < wi(0) = / (j-^ = TT for any t > 0. 

—00 

As vi {t) > for any f e R, the function vi {t) is continuous and 

vi{t-r) 
lim — — = 1, 

t^+oo Vi(t) 

then it exists positive constant c* such that Vi{t — t) < c*vi{t) for any 
i > 0,r e [0,r]. 
Let C3 = 7r(c*)^. 

If f2 > ti , then t2>t2—ti>Q and 

Ul(tl-a)t;i(t2-a) < {c*fvi{t^)vi{t2) < n{c*fvi{t2) < TT{c*fvi{t2-ti) = C3Vi{t2-ti). 



6 



If ti > t2, then vi{ti - a)vi{t2 - a) < C3Vi{ti - ^2) = C3Vi{t2 - ii). 
Hence, v(^^)v(^±^) < C3v(^^). 

Let US define a function d{t) = 1 for f G [0, 1] and ^{t) = for t e (-00, 0) U(l, +00). 
Lemma 5. The following equality is valid 
11 1 

lim ( / / ... / max {xk-Xk-i)))un(xi,X2, ...,Xn-i)dxidx2...dXn-i) = 

n— ►00 J J J £ l<k<n 

Xl X„-2 

for any positive e < 1. 
Proof. We have 

11 1 

j j ■■■ j _^^ax. {Xk-Xk-l)))Un{xi,X2,...,Xn-l)dXidX2...dXn-l < 

Xl X„_2 

nil 1 

< ^ y" j ■■■ j {^-'&{^{Xk-Xk-l)))Un{xi,X2,...,Xn-l)dXidX2...dXn-l- 



fe=l 



Xl x„_ 



Let 1 < fc < n. Let us take r = Xk — Xk-i {s < r < 1), 

= a;„_i - 1, = 0, t/i = a;i, y^.^ = a;fe_i, 

= Xk+i - r, y'^_2 = Xn-i - r, = 1 - r 

and ?/i = for Z = —1,0. 1, ...,n — 1. 

It follows from lemma 4 that it exists positive C3 such that 

Xfe - a;fe_2 . , Xk+i - Xk-i . ^ 

v{ — )v{ — ) < 

2v(a;fc - Xk-i){xk-i - Xk-2) 2^/{xk+i - Xk){xk - Xk-i) 

, , -■'■;,+ .r;,_i - .r/,_2 ^ , ■'/;.•-.'//, -2 x 

< C-iV\ J = C3W( . j 

2v/(a;/=+i - Xk){xk-x - Xk-2) 2^{y'^ - - y^.^) 

Hence, 

11 1 

Ik = j j - j {l-'&{^{Xk-Xk-l)))Un{xi,X2,.:,Xn-l)dXidX2:.dXn-l< 

Xl X„_2 

1 1 — r 1— r 1 — r 

~'J'j'r^J j "' / "i'"-i(2^'i'^2> •••>2/Ui)'^2/'W2/2--c^2/n-2]c^^ = 

^ J/J J/^_3 

= Y J ' J J "' J "i'"-i(^i'^2,-,yn-i)ci2/irfy2-ciyn-2 < 



yi i/„-3 



J„ 16ci(2n — l)n 

Thus, 

11 1 

0< / / ... / (!-■(?(- m&X {xk - Xk-l)))Un{xi,X2, ■■■,Xn-l)dxidx2.-.dXn-l < 
J J J S l<k<n 

Xl X„_2 



, I, I C3C2 I I C3C2 

^ "'^""' l6ci(2n-l)n = ' 16c,(2n - 1) ' 



lim(/ /... / min — - ) 



which implies the assertion of lemma 5. 

Lemma 6. The following equality is fulfilled 

11 1 

Xk - Xk-2 

Xl X„-2 

Un{Xl,X2, ...,Xn-l)dxidX2-.-dXn-l) = 

for any r > 1 . 
Proof. We have 

/ / ... / ^(i min ^ "^-"^-^ ) 

J J J r i<k<n 2^{xk - Xk-i){xk-i - Xk-2) 

Xl Xn-2 

Unixi,X2, ...,Xn-l)dXidX2...dXn-l < 

nil 1 

<E / / ^i- . ) 

t^,J J J r 2^y{xk - Xk-i){xk-i - Xk-2) 

^ Xl Xri-2 

Un{Xi,X2, ...,Xn-l)dxidx2.-.dXn-l. 

Let 1 < fc < n. Making the same substitutions yi = ^^'^^''l ^ ^21 = \ ^{Ul) as 
at lemma 3 we receive 

11 1 

Xk - Xk-2 . 



h = 



II- I < 



^ 2-\/(a;fe - a;fe_i)(a;fe-i - Xk-2) ' 

Xl Xn-2 

Un{xi,X2, ...,Xn-l)dXidX2...dXn-l = 



dt\dt2--dt2n- 



1 



^(1 + tl){l + it2 - + {t2n-l - t2n-2r){l + tL_i) 

The inequality ^e^^te'^^ik-i)^ < r is valid if and only if 



\t2k - t2k-2\ <a = ln(r + \/ - 1). 
Hence, ^(^^SfS^) = ^(^1^2. - ^2.-2!) m 



Ik = 



+00 +00 

2"-l f f Oi^l-lh- l2k--2\)dlldl2...(U2n-l 



^(1 + t\){\ + {t2 - + (i2„-l - t2n-2f){\ + tL-l) 

As |t2fe - i2fe-2| < a we have |t2fe - t2fc-3| < \t2k-2 — t2k-3 \ + a. Thus 

1 + {t2k - t2k-3f < (1 + {t2k-2 - t2k-sf)^{l + af 

and 



1 ^ 4(l + a) 



2 



1 + (t2fe-2 - *2fe-3)^ 1 + (*2fe - *2fe-3)^ ' 
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Taking into account 
+00 



V(l + ihk - t2fc-l)2)(l + {t2k-l - i2fc-2)2) 

we receive 



00 —00 —00 —00 t2k — <i 

dtidt2---dt2k-adt2k---dt2n-l 



^(1 + tl){l + {t2 - + {t2k-3 - i2fc)2)...(l + {t2n-l ' t2„-2)2)(l + ^L-l) 

87ra(l + a) J„_i ^ C27ra(l + a) 



J„ ci(2n — l)n' 



Hence 

11 1 



0< / / ^i- min ) 

J J J r i<k<n 2^J{xk - Xk-i){xk-i - Xk-2) 

Xl X„-2 

Un{xi,X2, ...,Xn-l)dXidX2...dXn-l < 

^ C27ra(l + a) C27ra(l + a) 
- ^ci{2n-l)n ~ ci(2n- 1) ' 

which implies the assertion of Lemma 6. 

Define the mapping A : Diff^([0, 1]) ^ Co([0, 1]) by setting 

A{q){t)^\n{f{t))^\n{q'{0)) VtG [0,1]. 

The mapping ^ is a topological isomorphism between the space Diff:',_([0, 1]), 
Co([0, 1]) moreover 

A-\oit) = Z ■ 

Introduce the Wiener measure w on the space Co([0, 1]). Define a Borel measure 
V on Diff+([0, 1]) by setting v{X) = w{A{X)) for any Borel subset X of topological 
space Diff+([0,1]). 

Let 5 e (0, 5). It follows from the properties of Wiener measure w (see [5]) that 
measure v is concentrated on the set = Diff:'j^'^([0, 1]), i.d. v(E^) = 1, moreover 
the Borel subsets of metric space is measurable with respect to the measure v. 

As was proved in [3], the measure v is quasi- invariant with respect to the left 
action of subgroup Difl'i]_([0, 1]) on the group Difi^^([0, 1]), moreover 

V.g'(0),g'(l) k 

for any Borel subset X of topological space DifT^([0, l]),and any g G Diffi^([0, 1]), 

g'"(T) _ 3/ g"(T) 

g'(T) 2Vg'(r) 



where gX — {g ° q ■ q ^ X} and Sg{T) — ^^pj^ — (Schwartz derivative of 

function g). 
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Lemma 7. The following equality is valid 

j{q'm'<dq)= j{q'{l)yu{dq) 



for any natural I. 

Proof. Let ^ = A{q), i.d. ^(t) = ln(/'(i)) - ln(g'(0)). Then 

1 p«(i) 



Let us take 

Mi = j {q'{l)y v{dq) = J ((z'(l))' u{dq) = 

Es Difli.([0,l]) 

( )'K^g)= / ( ,1 , ,,,,, 

Co([0,l]) CoCIO,!]) ■'o 

Let C(0 = C(l ^ ~ The Wiener measure w is invariant with respect to 
the action ( i — > ^, thus, 

/ {-r^-—yi^{dq) = 

Co([o,i]) -"J 

= I {q'm'v{dq) = j{<^m'u{dq), 

Diff]^([0,l]) 

which impHes the assertion of Lemma 7. 

Introduce the measure Un = v ® ■■■ ® v on the space Eg = Eg x ... x Eg. 
Let C4 = 1 + Ml + M2 + / jl{q'{t)fdtv{dq). 

El 

For any r > 0, 5 G Diffi]_([0, 1]), x= {xi, ...,Xn-i) G -D„, we write 
^. = l + „^ax(|^| + (^)^ + |^|)M 

Xr,g,x = {{qi, -^qn) ■ qi, ■■■,qn G Eg 



+{xk - Xk-if / Sg{xk-i + {xk - Xk-i)qk{t)){q'k{t)fdt\\ < AaCgr}. 
Jo 

Lemma 8. // e G (0, 1), then the following inequality is fulfilled 

I'niEs ^ ^.g.x) ^ ^-y/e for any g G Diff'^([0, 1]), for any positive integer n and 
X = {xi, ...,Xn-i) G Dn, satisfying the inequality 
max [xk — Xk-i) < e. 

l<fc<n 

Proof. Let 
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Then 



h = y...yVi(g,,...,g„).(dgO...Kcig„)=Mif^(x,-Xfc_i)(^^g^-^ 

ir„ TP- k=l 



As - ^1 < C,{x,-x,_,), we have 



Es Eg 

g"{xk 

g'{xu-i) g'ixk) I - 

n n 

\h\ < MiCg^{xk - Xk-if < MiCge^{xk - Xk-i) = MiCgC. 
fe=i fe=i 

Uk^l then 

Es Es 

^7^^^'^°^ ~ - T^y^^'^^) ~ M,)Mdq,Mdqi) = 0, 

therefore 

h = j ... j {h{qi, ...,qn) - hf y{dqi)...y{dqn) = 

Es Es 
Es 

< 2Y,{x, - x,.^n^j^^r J {q',{0) - M,fv{dq,)+ 

^==1 Es 
Es 

= - + (^^n[/(,i(o))M<i») - (M.n < 

n n 

< 4M2Cg ^(xfc - Xk-if < 4M2CgeJ2ixk - Xk-i) = 4M2Cge. 



fe=i fe=i 

Hence, 



: |/i(9i,...,<Z„)-/i| > 2c,Cgre}) < (^^^^^ < ^ 

Thus 



z/„({(9i,...,g„) : \fi{qi,...,qn)\ > Sc4Cg-^}) < 

Let 

n .1 

/2(gi,...,gn) = ^((a;/; -Xfe-i)^ / Sg{xk-i + {xk-Xk-i)qk{t)){q'k{t)fdt. 
fe=i 

Then 

^3 = y ■■■ j 1/2(91, ■•■,Qn)| v{dqi)...v{dqn) < 

Es Es 
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< 2Cg Y,{xk - Xk-if / ( / {q',,{t)fdt)v{dqk) < 

n 



fe=i 

Thus 



Hence, 



= t^n({(9l, •••,'?n) : 1/1(91, •••,9n) + /2(gi, •■•,gn)| > 4c4CgV^}) < 
< Vn{{{<lU-,1n) ■ 1/1(91, -.^n)] > 2C4Cg^}) + 

: 1/2(91,.. .,9„)| > 2c4Cg^}) < 2^, 
which implies the assertion of Lemma 8. 

Lemma 9. For any g G DiffQ([0, 1]), e > 0, there are r > 1 and 5i G (0, 1) such 
that the inequality is valid 

,,( gixk)-g{xk-2) \ 

n'^\'(.g(.Xk)-g(:rk- i))(!](:r,, i)-<j(xk-2)) 1\ <^ 

2-^ (xfc-Xfc_i)(2;fc_i-a-fc_2) 

g{x^i) = g(a;„_i) — 1 for any natural n and any x = {xi, ...,Xn-i) € D„ satisfying 
the inequality max (xk — Xk-i) < Si, min ( — ^fe \ ^ ^ where 

l<k<n l<k<n 2^{xk-Xk-i){xk-i-Xk-2) 

Xo = 0, Xn = 1, X-i = Xn-1 - 1,. 

Proof. Let e e (0, 1). Let C = max I^ttt^I, <^i = Ann/r^ , 1^ h r = e ? . 
^ ' ti,t2e[o,il ' s ' 400(c+i) 

For any fc (1 < fc < n), there are xl_-^,xl*_i e (0, 1) such that 

9{xk) - g{xk-i) = g'{xk-i){xk - Xk-i) + ^9"{x*k_i)ixk - Xk-i f = 

g"{x* ) 

= 9'{Xk-l){Xk - Xk-l){l + o // ''~\ (^fc - Xk-l)), 

2g'(Xk-ij 

g{xk-i) - g{xk-2) = g'{xk-i){xk-i - Xk-2) + ^g"{xl*_i){xk-i - Xk-2f 

= 9' {xk-i){xk-i - a;fe-2)(l + 2g'{xk^i) ^^^~'^ ~ Xk-2)), 
for A; > 2 and for A; = 1 

9{xi) - 9{xo) = 9'{xo){xi - Xo) + ^g"{xo){xi - xof = 

= g'(xo){x^-Xo){l + 0^^{xi-Xo)), 
9{xo) - 9ix-l) = 5(1) - 9{Xn-l) = - Xn-l) + ^9"iXo*){l - Xn-lf = 

Iff 

= g\xo){xo - ar_i)(l + |^(^o - x.i)). 
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Hence 

9{xk) - g{xk- 



2a/ {g{xk) - g{xk-\)){g{xk-i) - g{xk-2)) 

^\/\Xk - Xk-l)[Xk-l - Xk-2) 

where 

1 , g" {xl_i)ixk-xk-i)'^+g" (xl'L-^)(xk-i-xk-2)^ 

^ _ 1 ^ '2g'{Xk-l)(xk-Xk-2) ~ -|^\ 



As C(a;fe - Xk-2) < CSi = then |Afe| < 4C. 

= anc 

g{xk) - g{xk-2) 



Let t = —r, = and a = Xk{xk - Xk-2). Then 

{Xk-Xk-l)(.Xk-l-Xk-2) 



t{l + a) = 



2\/ {g{xk) - g{xk-i)){g{xk-i) - g{xk-2)) 

and |q;| < g^, i > 4. 

Let us obtain r = \n{t + — 1) > In f > 1 and 

(2 + a)f 



/3 = ln[l + a(— — =_)(! 



Then i|a| < < 4|a|, < and 



ln(t(l + a) + Vi2(l + a)2-l) = ln(t + _ 1)+ 
ln[l + a( ^=)(1 + , ^"^V ^^ )] = T + /3. 

There exists 9 G (0, 1) such that v{t{l + a)) =vi{t + (3)= vi{t) +v[{t + 9(3)13. 

It follows from the lemma 2 that \v[{t + 6l/3)| < 7q^Wi(T + 6'/3). As |6l/3| < ^, 
we have |t;i(T + 9(3)\ < ^ui(t). 

Thus it exists u){a,t) such that \Lo{a,t)\ < 10 h ^^^^^^7^ = 1 + w(a,t)|. Taking 

account \\\k{xk - Xk-2)\ = l\a\ < \P\ < 4|a| = 4|Afc(xfc - Xk-2)\, we receive 

g{xk)-g{xk-2) \ 
2\/(g(,Xk)-g{xk-i))ig{xk-i)-g{xk-2)) _ 
v( , ^"-^"-^ ) ~ 

ixk-Xk-l)ixk-l-Xk-2) 

vi{t + (3) .1^. - ,r/,._2 

— — i + W/c - 



vi{t) In- 



2\/(xfc-Xfc_i)(xfe_i-Xfc_2) 

„ I,.,. I ^ oni 

(a:fc-a;fc_2) 



where Wfe = ^(q, ^) T-faf-!"*_^) h l^fe] < 200C 



Hence 

„,( g{xk)-g{xk-2) \ 

^■\/{gixk)-g(xk~i))ig(xk-i)-g{xk-2)) 



)) = 

2^^/{xk-Xk-l){xk-l-Xk-2) 



El /^ , Xk-xk-2 . 

_ Ml + u;fe^ — — — ) 

2\/ (Xfe-Xfc_i)(xji_i-Xfe_2) 
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and 

, i^^^^i , Xk-Xk-2 ^ 400C^, , 800C^ e 



therefore 



„/- g(a:fc)-g(xfc_2) \ 

n '^\/(a{xk)-g{xk-i)){g(xk-i)-g{xu-2)) 
( Xk-Xk-2 \ 

''U rr——_ — ^_ J 



^—^ ^ 2^ {xk-Xk-i)ixk-i-Xk-2) 

= - 11 < era - e~ra < £ + 1 < e, 

5 5 

which implies the assertion of Lemma 9. 

Introduce the mapping Qn '■ X ^Es= Difr^''([0, 1]) by setting 

fnO{ln)~^ =Qnixi,...,Xn-l,ipi,...,iPn), where 

k — 1 

fn{t) = Xk-l + {Xk - Xk-l)(pk{n{t )), 



ln{t) 



XI X0+ 2^{Xm a;„-ij^,(i)^,(i)^^^^^_^(i) 



%=2 

k-1 



.(X,-X0 + T(X -X J <P'2{0WM-^'m{0) , 

+ \Xk - Xk-l) , , -, — 7T^n{t )) 

Vi(l)<^2(l)-¥'fe-l(l) 

for t e [^,|], (xi,...,x„_i) G A^, {ipi,...,V^n) € E^. 

The function / = /„ o {ln)~^ belongs to Diff^'^([0, 1]), because the left derivation 

k — 1 

f'{{ln)~^{— 0)) = n{xk-i - a;fc_2)i^fe-i(l)- 



X1-X0+ J2 i^' 



y;;(u)^-;,(u)...^;„(o) 



"'-^'<pW)v'2{i)-vL-iW 

T ~ , y^(0)y^(0)...y^_,(0) ^ = 

is equal to the right derivation 

f'iiln)~\^^ + 0)) = n{xk - Xk-i)M^y 

y2(o)y3(o)-ym(o) 



xi - + E (^m - a;™_i)-^i(2MM-£^ 



m=2 



"^"^^ '^'"-'Vi(iM(i)-^'™-i(i)V'2m(o)...^;_i(o)- 
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Write 

11 1 

Ls,n{F) = j j ■■■ j j ■■■ j F{Qn{xi,X2,...,Xn-l,ipi,...,iPn)y 

xi x„_2 Es Es 

■u{xi,X2, ...,Xn-l)dxidx2...dXn^iv{dlpl)..M{dlpn) 

for any function F e CbiEs) = C6(Difr^*([0, 1])). 

Theorem 3. a function F belongs to the space C6(Diff^'''([0, 1])), let 
a diffeomorphism g belongs to the group DiffQ([0, 1]). 
Then lim \Ls,n{Fg) - Ls,n{F)\ = 0. 

n^oo 

Proof. Let F G C6(Difr^^:''([0, 1])), C = sup 

geEs 

Let e € (0, 1) and g € DiffQ([0, 1]). Let us take positive ei satisfying the inequalities 
ei < |e, 

It follows from the lemma 9 that there are r > 1 and ^i € (0, 1) such that 



n~ 2^/ {g{xk)-g(xk-i)){g{xk-i)-gixk-2)) ' _ ^ 
^/ xk—xk-2 \ ' — ^ 

2-y/ {xk-Xk-l)ixk~l-Xk-2) 



for any positive integer n and for x = {xi, Xn-i) G Z?„ satisfying the inequalities 
max {xk - Xk-i) < 6i, min (—7= xk-xk-2 ^ ^ ^ 

l<k<n l<k<n 2y/ {Xk — Xk-i){xk-i—Xk-2) 

It follows from the lemma 8 that the inequality is vahd i^niEg \ X^^g^^) < 
< e for any positive integer n and for any x = {xi, ...,Xn-i) € -D„ satisfying 
the inequalities max (xk — x^-i) < ei. 

l<fc<n 

It follows from the lemma 5, 6 that there exists a positive integer N such that 
11 1 

//.../ {l-'d{^- —inax{xk-Xk-i)))unixi,X2,...,x„-i)dxidx2...dXn-i<e, 

J J J mm{ei,d) i<k<n 

Xi Xn-2 

11 1 

f aA ■ Xk-Xk-2 s 

... / v(- mm — , ) 

i i<*^<" 2v^(a;fc -a:fc-i)(a;fe_i -a;fe_2) 

a;i a;„_2 

Un{Xi,X2, ...,Xn-l)dXidX2...dXn-l < 6 

for any integer n > N. 
Let 

(^(a;i,a;2,...,a;„_i) = ■!?(^- — max {xk - Xk-i))) 

min(ei, o) i<fc<Ti 

n qi'l • Xk-Xk-2 s^ 

(l — tf(- mm — , )), 

r !<'=<" 2V(a;fe-a;fe_i)(a;fc_i-a;fe_2) 

then 

1 1 1 

4>{xi,X2, ..■,Xn-l)Un{xi,X2, ...,Xn-l)dxidx2...dXn-l > 1- 

Xi Xn-2 



i i i 

■/ / ... / — mSiiC {Xk-Xk-l)))Un{Xl,X2,...,Xn-l)dXldX2...dXn-l- 
J J J ^ 'min(ei,J) i<fe<n' 

Xi Xn-2 

11 1 

Xk - Xk-2 N 



-//■■■ / < 



min — — 

r 2^y{xk - Xk-i){xk-i - Xk-2)' 



Xi Xn- 

Un,X2, ...,Xn-l)dXidX2---dXn-l > 1 — 2e. 

Let Pk = 9{Xk), y = (j/l, -nyn-l) G Dn, 

9~^{y) = (xi, ...,a;„_i) e Dn, y„_i) = (/)(a;i, ...,a;„_i) and 

Qn(yi, •••,2/n-l, Vl, •••,<^n) = 5 O {Qn{xi,X2, ...,Xn-l,qi, ...,qn-l))}- 

It is easy to see that ^^(t) = g(^>=-i+(^'=-J^'»^-i)_g^g-fc^^ because 

(;/fc-yfc-i)y2(0)y3(0)-yfc(0) _ (a^fc -a:fc-i)g^(0)g^(0)-gUO) 
(yi - yo)<pi(i)</'2(i)-¥'fc-i(i) (^1 - a;o)gUi)92(i)-9Li(i) 
We have 

11 1 

/ 1 '" I ^siy)'^n{y)'^nigX^,g,g-^y))dyidy2...dyn-i = 
yi yn-2 
111 ^ 

= J J- J mun{x){ J exp{j2[{xk-Xk-,){^-^j^^q'k{0)-^-^q'k{m 

+(a;fe - Xk-if / /SgCaJfe-i + (xfc - Xk-i)qk{t)){qk{t)fdt])u{dqi)..M{dqn)) 
Jo 



n v{ 



gixk)-g{xk-2) 

2V {g{xk)-g{xk-i)){g{xk-i)-g{xk-2)) ' 



n^^/(g(Xk)-g{Xk-i)){g{Xk-i)-g[.Xk-2)) , , , ^ 
dXidX2...dXn-l > 

''—^ "iyj (xk-Xk-l){xk-l-Xk-2) 

11 1 

>{'i--efj j ■■■ j (l>{x)un{x)un{X^^g^-^)dxidx2.:dxn- 



> 



Xl X„_2 

11 1 

>{l-tf j j ■■ j (t>{x)un{x)dxrdx2...dxn-i>{l-ef{l-2e). 

Xl X„_2 

Hence, 

11 1 

\Ls^niFg)- j J ■■■ J (>g{y)Un{y){ j Fg{Qn{y,(pi,...,ipn)) 

v{dipi)...v{dipn))dyidy2...dyn-i\ < C{1 - (1 - e)-'(l - 2e)) 



and 



\Ls,n{F) - J J ... J (j)g{x)unix){ J F {Qn{x, qi, qn)) 

Xl X„_2 
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i^{dqi)..M{dqn))dxidx2.-.dXn-i\ < C{1 - (1 - e)(l - 2e)). 

We have 

11 1 

'/ /'■' / ^siy)Un{y)i j Fg{Qn{y,ipi,...,iPn)) 

p{d(fii)..M{d(fin))dyidy2...dyn-i- 
11 1 



Xl X„-2 X 



i'{dqi)...i'{dqn))dxidx2---dxn-i\ < 

111 „ 

+(a;fe - a;fc_i)2 / Sg{xk-i + {xk - Xk-i)qk{t)){q'k{t)fdt] 
Jo 



Xl a;„_2 



g(a:fc)-g(zfc-2) 
2\/ (9(2:fc)-s(2:fc-i))(g(a;fc_i)-g(a;fc_2)) ' 



n ^V lgla:fcj-gla^fc-ljngla:fc-ij-gia:fc_2jj _ ^, 
^/ Xk-Xk-2 -J I 

'^^l 2-\/ (a;fe-2:fc_i)(xfc_i-Xfc_2) 

|F((5n(S, qi, ■■■,qn))\v{dqi)...v{dqn))un{x)dxidx2-.-dxn-i < 
11 1 

<Ce{2 + e) j j— j <f>ix)un{x)vn{X^^g^x)dxidx2...dXn-i <C€{2 + e), 

Xl X„_2 

which implies the assertion of Theorem 3. 

Define a ultrafilter 9 on the set positive integers such that contains the sets 
{n, n+l, ...} for any positive integer n. We set Ls{F) = limLs^n{F) for any function 

F e Cb{Es). 

Note that the Hmit always exists because \Lsn{F)\ < sup 

feEs 

It is easv to see that L{ei 5) = 1, \Ls(F)\ < sup \F(f)\. and L{F) > for any 

leEs 

nonnegative function F G B{G). In turn, Theorem 1 follows from Theorem 3. 
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